We compare analytically techniques for multiplephoton coincidence imaging in terms of spatial resolution, detector efficiency (or simply efficiency), and system sensitivity for a spherical water phantom (or simply sensitivity). One analysis consists of comparing photon-photon coincidence single-photon-emission computerized tomography (PP-SPECT) with angularly unconstrained, electronically collimated triple-photon coincidence imaging technique (TPCIT). A second analysis compares positron-emission tomography using time-of-flight information (TOF-PET) with angularly constrained, electronically collimated TPCIT. The angularly unconstrained TPCIT has similar spatial resolution, higher efficiency, and higher sensitivity, as compared with PP-SPECT. The angularly constrained TPCIT has similar spatial resolution, lower efficiency, and lower sensitivity, as compared with TOF-PET. However, the angularly constrained TPCIT can, for brain imaging, reduce the localization range of photon-emission sites along projection rays from about 20 ci~z to about 1 cin during data acquisition while TOF-PET currently reduces the range to about 7 cin.
INTRODUCTION
Single-photon emission computerized tomography (SPECT) and positron emission tomography (PET) have been extensively investigated [l-41. For both of these modalities, images are reconstructed from projection raysums (or simply projections). A projection ray-sum is the summation of photon-emission intensities along the corresponding projection ray (i.e. the number of photons detected in a finite time interval along the projection ray). The photons detected for the projection ray are assumed to be emitted anywhere along the projection ray. It has been shown that signal-to-noise ratio (SNR) of reconstructed images can be improved if photon-emission sites are localized, during data acquisition, in a shorter range along projection rays, such as PET using time-of-flight (TOF) information (TOF-PET) [5] and photon-photon coincidence SPECT (PP-SPECT) [6] .
PP -SPECT
As shown in Fig.1 , the detector system of PP-SPECT is arranged to detect, in coincidence, two angularly unconstrained photons (i.e., the angle subtended by the two simultaneously emitted photons can vary from event to event) with mechanic collimation of lead collimators. Ideally, two projection lines are provided by the collimator holes for a coincidence event. If the two lines are not in the same direction, the intersection of the two lines determines the emission site of the two coincidence photons. The radioisotope distribution that emitted the two (or more) angularly unconstrained photons simultaneously is then assembled by the intersections of the lines. For collimator holes having finite sizes, the intersection of two projection rays determines a small volume. Image is then reconstructed from the small volumes.
Examples of radioisotopes that emit two or more angularly unconstrained photons simultaneously suitable to PP-SPECT are given below: PP-SPECT improves significantly the localization range of photon emissions (=: 1 cm). The difficulty with it is the low detection efficiency due to the use of lead collimators (" lo-') [7-81. In order to increase the efficiency while maintaining a comparable localization range, an angularly unconstrained triple-photon coincidence imaging technique (u-TPCIT) was studied [9-lo] . A photon emitted at site 0 is scattered within the thin detector ( U ) and is absorbed by the thick detector (A). B is the scatter angle. The two interaction sites within the thin and thick detectors and the scatter angle determine a cone surface in the object space. 2 8 is the conic angle. However, random coincidences with U-TPCIT can cause image degradation. The random coincidences consist of two parts: (1) the random coincidences of the thin and thick detectors for a photon detection in a single detector stack [ll-121:
where R, is the random-coincidence rate of the thin-thick detector stack, R I and R2 are the single rates of the thin and thick detectors respectively and 71 is the coincidence resolving time; and (2) the random coincidences among the thin detectors for triple-photon detection in three detector stacks:
where R,, is the random-coincidence rate of three detector stacks. The resolving time 72 may be different from T~. Noise characteristics of a single detector stack for electronic collimation has been investigated in [25] . The noise propagation of TPCIT can be studied in a similar manner. Since there is no lead collimator in front of the thin detector, scattered photons within the patient's body produce a rather high noise background. Some of these scattered photons can be rejected by the sum of energies from the thin and thick detector in a stack, provided that the detectors possess good energy resolution and are relative fast. There are two kinds of multiple-scatter processes: a photon may experience multiple scatters within the thin detector and then is absorbed in the thick detector; or a photon may experience multiple scatters within the thick detector and is then back-scattered to the thin detector and is absorbed there. Part of these multiple-scatter events can be removed using the detected energies E ( a ) and E ( A ) . For example, the energy E ( a ) in the forward scattering has a maximal value E,(a) at 6 = 90 degree. When the detected E ( a ) is greater than E,(a), the event is rejected. Some photons may have been scattered more than once within the thin detector and deposit energy E ( a ) greater than E,(a). These photons will be rejected. The single back-scattered photons from thick detector back to thin detector have energy greater than E,(a). If these backscattered photons are absorbed in thin detector, they will be rejected. All of the random effects above result in image degradation. Monte Carlo modeling can be used to investigate these random effects.
Both of U-TPCIT and PP-SPECT modalities use angularly unconstrained photons. The radioisotopes suitable to U-TPCIT are also suitable to PP-SPECT. Examples of radioisotopes that emit three or more angularly unconstrained photons simultaneously are: 
Ni;;

TOF -PET
As shown in Fig.7 , since the two angularly constrained pair-photons are emitted in 180-degree opposite directions ideally, the difference in arrival times between the two 511 Kev photons can be used to shorten the localization range of emission site around x. TOF can reduce, for brain imaging, the range of annihilation events on the Droiection ravs effectively from 20 cm to about 7 cm [27-281. In order to achieve the sub-nanosecond resolving times, however, highspeed low-sensitivity detector materials are used [15, 27] and energy resolution may tend to be compromised. For example, BuF2 (with time resolution 6r = 0.3 mec and efficiency % = 60%) is used for TOF-PET rather than BGO (st = 5, % = 77%) which is used in conventional PET. Other materials that might be considered for TOF-PET are [g:
All of these materials have lower efficiency, as compared to BGO. To avoid the limitation of lower efficiency, a composite detector system was proposed [16] in which the highspeed low-sensitivity detectors (required for TOF resolving time) are backed by high-sensitivity lower speed detectors (for adequate energy resolution). By using extremely fast detectors and appropriate coincidence electronics, the localization range can be improved to about 5 cm [15, 21, 29] . Further improvement is seriously limited by the detector materials and coincidence electronics. An angularly constrained TPCIT (c-TPCIT) which has the potential to reduce the localization range to about 1 cm has been proposed [9, 30] . Preliminary studies on this technique were reported in [lo] . The difference in arrival times (tl -f2) between pairphotons at two detectors respectively can determine the site of a positron-annihilation event, where c is the speed of light and x the distance of the annihilation site from the center of detector system.
C-TPCIT
In the angularly constrained TPCIT of Fig& a radioisotope emits a positron and one or more singlephotons simultaneously. The positron annihilates with an electron and produces two back-to-back angularly' constrained pair-photons. The pair-photons generate similar projections as that of conventional PET, or TOF-PET if TOF information is considered. Ideally, the projection rays are lines as shown in Fig.7 for two detector elements. The projection lines for coincidence events of c-TPCIT within three or four detector elements in two detector stacks (Fig.3) are shown in Fig.9 . The single-photon is detected using electronic collimation. Ideally, the single-photon event generates a cone surface as described in Fig.3 . The projection line from the pair-photons and the cone surface from the single-photon event intersect at two points. Since the most likely Compton scatter angle is about B = 50 degree for typical detector materials [15, 29] , the separation of the two intersecting points can be in the order of a few cm. For brain imaging, one intersection will usually be out of the brain region. If TOF is also used, a single intersection is always ensured. Considering the uncertainties due to measurements, the localization range of an emission site is the intersection of a cylinder (generated by the pair-photons) and a hollow cone (generated by the single-photon). The length of the cylinder segment intersected by the hollow cone is about 1 cm [9, 12] for intersections at right angles. Comparing with TOF-PET, the localization range is significantly improved. The pair-photon coincidence event within the detector system of Fig3 is detected in two detector stacks. There are six classes of pair-photon coincidence event, which generate the cylinders as conventional PET or TOF-PET does. These classes of coincidence event are depicted in Fig.9 . Class (c) corresponds to conventional PET or TOF-PET.
The other five classes of (a)-(b) and (d)-(f) associated with the thin detector will improve detection efficiency. The ratio of the likelihood of the 5 classes to the PET class (c) is about 16% [10, 13] . Considering the decrease in efficiency due to the single-photon detection and the increase due to the thin detector, the efficiency of c-TPCIT using the truncated spherical detcctor of Fig.5 is lowered to about 25% of TOF-PET which uses the outer-ring detector of Fig8 with multiple slices (for details about multiple-slice ring detector of PET, see reference [31] ). We will discuss the trade-off bctwecn localization range and efficiency later. Since both of c-TPCIT and TOF-PET use the angularly constrained pair-photons, the radioisotopes suitable to c-TPCIT could also be used for TOF-PET. Examples of radioisotopes that emit a positron and one or more angularly unconstrained single-photons simultaneously are: We have previously studied the two imaging modes of U-TPCIT and c-TPCIT and compared them with conventional SPECT and PET, respectively [lo] . In this paper, we evaluate these two imaging modes quantitatively in terms of spatial resolution, detector efficiency, and system sensitivity for a cylindrical water phantom. Comparisons of U-TPCIT with PP-SPECT and c-TPCIT with TOF-PET are carried out using these three factors. The results are presented in the following sections.
In order to facilitate the comparison studies, a few notations are defined below: Correspondingly, Itofpr, Ptofpl, and S , , , are defined for TOF-PET. Similar definitions are used for U-TPCIT and c-TPCIT, respectively. The ratio S /Z will be used later to study the trade-off between S and I and to estimate the gain achieved in image quality characterized by S N R [32] .
SPATIAL RESOLUTION
The spatial resolution of conventional SPECT is determined by the convolution of collimator resolution and the intrinsic spatial resolution of NuI(TI) scintillation crystal. If the intrinsic spatial resolution is FuliM = 3.3 mm, the spatial resolution for super high-, ultra high-, and highresolution collimators at Merent depths are given below [33] The spatial resolution for electronic collimation shown in Fig.4 is essentially determined by the bluring effects due to the size and energy resolution of the thindetector element, and the intrinsic spatial resolution of the thick detector in the stack of . The mathematical formulas to determine the bluring effects were given in [12] and are expressed as follows using notations suitable to this paper.
Let t x t denote the area of the thin-detector elements, the angular bluring A8, due to the f i t e size t is given by solving the equation
at a scatter angle 8, where 2 w is the angle subtended by t ; tun( U) = ( 0 . 5 t / d ) , d is the distance from the thindetector element to a point in patient space at which the resolution is to be determined, and h is the separation of the thin and thick detectors.
Let I denote the thickness of the thin-detector element, the angular bluring A 82 due to the f i t e thickness I is given by solving the equation mm. If the energy resolution AE could be reduced to 1.5 Kev by using a detector material other than HpGe and BGO or using the relation of (1) to r e f i e the energy-detection uncertainty [where the incident photon energy is accurately known from decay process and E ( U ) and E (A) are measured seperately], then the angular resolutions are A 8 = 2.62025 degrees for 224 Kev and 3.30032 for 168 Kev.
The linear resolutions are, therefore, 6.8 mm and 8.6 m m respectively.
Referring to table 3, the spatial resolution of u-TPCIT is comparable to that of conventional SPECT. The size of the intersecting small volume of three hollow-cones for u-TPCIT is comparable to that of two-cylinder intersection for PP-SPECT, i.e., z IPpqt =: 1 cm. If the u-TPCIT has higher sensitivity, it is expected that u-TPCIT would produce better images. If the outer ring detector of c-TPCIT (Fig.8) is a TOF-PET device, the spatial resolution of c-TPCIT is comparable to that of TOF-PET. Currently TOF information can reduce the localization range of an isotope-decay event to about I ' o~~ = 7 cm. For c-TPCIT with a positron and a 168 Kev single-photon decay process, the intersection length of the cylinder and hollow cone at normal angle is about 1 cm. In another words, the localization range of an isotopedecay event of c-TPCIT is about = 1 cm. The localization range is significantly improved. However, since c-TPCIT has lower sensitivity, the reconstructed image may be compromised. Monte Carlo simultaneous may provide a quantitative indication of the advantages and disadvantages of C-TPCIT.
DETECTOR EFFICIENCY
The detector efficiency is calculated for a point source in air at the center of detector system. For U-TPCIT and c-TPCIT, the truncated spherical detector system of Fig The efficiency of a 7-camera based SPECT for a point source in air is given by the product of the solid-angle fraction fa of lead collimator and the efficiency qa of NuZ(77), Pspct = fa qa . If the energies of the two coincidence photons in PP-SPECT are in the range of 100-200 Kev, qa =: 1, i.e., the photons that pass through the collimator are all detected. The expression for the factor fa is given by [7, 12] : (9) where tc = 0.282, ta is the hole diameter, I, is the thickness, and ra is the septal thickness of the collimator. Using the values given in table 3 and assuming ra = 0.75 mm, the efficiency of PP-SPECT is (for the truncated spherical detector of five 7-cameras) Ppp;Fp..l = (5Pspct)2 = 0.2034 x 10 ' . The value of Ppp.Fpecl wdl be increased if the truncated spherical detector of Fig.5 is used, in which the thin detector is replaced by lead collimator and the thick detector is made of NaZ(T2).
The efficiency of TOF-PET for the point source in air at the center of the multiple-slice detector [31] (i.e., outer ring of Fig.8 ) with radius do and length 2z0 is: where the solid-angle fraction fb = 67%to/d= = 29.96% for do = 20 and zo = 10 cm [10, 31] ; the probability PA of photoelectric absorption of incident primary photons in the thick detector (for BGO) is assumed to be 75% [15] ; and the factor q b is the ratio of efficiency between BaF2 and BGO, v b = 60%/77% [15] . The efficiency of TOF-PET is PtofFg = 10.23%.
The efficiency of TPCIT is determined by the likelihoods of the multi-fold coincidence interactions of Figs.4 and 9.
The likelihood of the coincidence event of a singlephoton undergoing electronic collimation of the thin-thick detector stack of Fig.4 is (for normal incident photons on a thin-detector element):
where Pcp is the probability of a single Compton scattering of incident photons in the thin detector and PAo the probability of absorption in the thick detector of a photon that was Compton scattered in the thin detector.
The likelihoods of each of the coincidence events of pair-photons from positron annihilation, as shown by Fig.9 , are: 
P~~( E ,~)
= J d~ ucp e e U x 1 j ' U( e , E ) de e-u(E)L(x,@ where ucp, U , and U are the linear attenuation coefficients of inelastic Compton scattering, photoelectric effect and total of the three interactions, respectively, for incident photons in HpGe, U ( E ) is the linear attenuation coefficient in the thin detector of the scattered photons with energy E [34] .
emin and emax are the scatter-angle limits determined by the energy resolution of the thin-detector element and the geometry of the detector stacks [12] . The values of PA and PA0 associated with the thick detector can be obtained by use of a Monte Carlo method [15, 34] . The values of Pcp, Pa, PA, -, and Pi of Eq.(12) are given in Appendix. The efficiency of U-TPCIT for a point source in air at the center of the detector system of Fig.5 is: (14) where fu is the solid-angle fraction for the single-photon detection, Po(E) was defined by Eq.(ll), and E = 224,344, or 455 Kev as given in Fig.6 . fu = 87.27% for the truncated spherical detector of Fig.5 with d = 15 and b = 10 cm, and then Pu.p.ir = 4.1193 x 10 -4 . The ratio of efficiency for u-TPCIT and PP-SPECT is pa = 2025. It is noted that pa would be smaller if the random coincidences of U-TPCIT are considered, or the PP-SPECT uses the truncated spherical detector system in which the inner thin detector is replaced by lead collimators.
The efficiency of c-TPCIT for the point source in air at the center of the truncated spherical detector of Fig.5 is:
where fc = 74.54% is the solid-angle fraction for pairphotons [lo] , and PcWl = 2.6006%. The ratio of efficiency for c-TPCIT and TOF-PET is ph = 25.42%. If TOF-PET uses the truncated spherical detector, pb would be smaller.
If the point source is at the center of a spherical water phantom with radius of 10 cm centered within the detector systems, rather than in air, the ratio pa is reduced to 1397 and pb is reduced to 6.05%.
SYSTEM SENSITMTY FOR WATER PHANTOM
The sensitivity of multiple-photon coincidence detection for a water phantom is determined by the general formula [9-10,121 for a thin-detector element or a collimator hole:
To simphfy the calculation, assuming that the value of Pip is, for the spherical water phantom, approximated by:
(21) then Eq. (17) where q is the probability of a coincidence detection for a siigle-or pair-photon event, c the radioisotope concentration of the water phantom, du the area of a detector element or a collimator hole, and R the distance from emission site to the thin-detector element; JI is the angle between R and du, U the linear attenuation of water, and L the intersection length of a projection ray and the water phantom for a pair-photon coincidence detection or the distance of a photon traveling through within the water phantom for a single-photon detection; Pp represents the likelihood of the other photon (for PP-SPECT and TOF-PET), or the other two photons (for U-TPCIT), or the single-photon (for c-TPCIT) emitted at the position dv and detected simultaneously by the detector system.
If the water phantom is a sphere with radius ro = 10 cm and is centered within the truncated spherical detector system of Fig 
where tun (00) = to / (2 la), U = 0.1537 cm -', and q =: 1 (i.e., the 7-camera has 100% efficiency to absorbe the photons passed through the collimator). water phantom with radius of ro and length of 2z0 is considered (i.e., the geometry of this water phantom and the multipleslice detector is equivalent to that of the spherical water phantom and the truncated spherical detector), and Eq. (16) to the center of the spherical water phantom (i.e., d is the inner radius of the detector system as defied before); and 
Slofpei(da) = (C d~) x 1.4295 x 10".
R 2 -z 2
The integral value is given by [14] : (29) The ratio of sensitivity for u-TPCIT and PP-SPECT for the water phantom detection is:
i.e., u-TPCIT has higher sensitivity than PP-SPECT. As discussed previously, U-TPCIT is expected to generate better images than PP-SPECT.
The ratio of sensitivity for c-TPCIT with the truncated spherical detector and TOF-PET with the multiple-slice ring detector [31] for the water phantoms is:
If c-TPCIT uses the double-ring detector of Fig.8 and TOF-PET uses the outer-ring detector, the ratio of sensitivity is pdd = Sc,w;l(du) /Stofpet(da) = 22.02%. c-TPCIT improves significantly the localization range, as compared with TOF-PET, at the cost of lower sensitivity. For a firstorder approximation, the gain achieved in image quality by using c-TPCIT (compared with TOF-PET) may be expressed, with the ratio of sensitivity and localization range, as [32]:
The gain is 5 = 4.49 for c-TPCIT with the truncated spherical detector of Fig.5 and TOF-PET with the multiple-slice ring detector [31] . The gain 2 reduces to 1.54 if both c-TPCIT and TOF-PET use the same detector geometry of Fig.8 . It is anticipated that c-TPCIT would produce improved images, as compared to TOF-PET.
DISCUSSION
We have discussed multiple-photon coincidence imaging techniques. In the TPCIT imaging modes, electronic collimation of the scattering-absorption detecting process [lo-121 provides the possibility of utilizing the single-photon information to improve the localization range of a PET system while maintaining a reasonable sensitivity. It also provides the possibility to directly reconstruct images from projections mapped one-to-one onto small volumes by angularly unconstrained triple-photon coincidence events with reasonable sensitivity. This paper provided analytical comparisons of u-TPCIT with PP-SPECT and c-TPCIT with TOF-PET. Their advantages and limitations were discussed. Although the calculations did not include the effects of random coincidence and multiple Compton scattering in the thin and thick detectors, the numerical results qualitatively reflected the essential properties of u-TPCIT and C-TPCIT. The cost of TPCIT is also an important factor that should be considered.
The relatively lower sensitivity with the TPCIT modes can be improved if more than one single-photons (for c-TPCIT) or more than three single-photons (for u-TPCIT) are emitted by the radioisotopes simultaneously [30] .
It should be emphasized that the essential motivation of the TPCIT is to increase the localization information of projections with acceptable sensitivity. In the ideal situation, the image would be reconstructed from points rather than from lines. The net gain between increased localization range and compromised sensitivity requires further investigation. The signal-to-noise characteristics of these imaging techniques can be modeled using Monte Carlo simulations.
APPENDIX
The values of Pep, Pa, P A 0 and P; defined in Eqs.(ll)- (13) 
